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^ ' Abstract 

o\ : 

^ In 1994, Witten has denned a monopole invariant and he has shown the equivalence 
k^of this invariant with Donaldson's polynomial using his result in 5-duality. This 
^ new invariant is very powerful because the gauge group is abelian. By using such an 
<^ invariant, many new results are found in the smooth, Kahler and even the symplectic 
^ categories. However, almost every paper in this topic write the monopole equations 
j— i in a different way. Therefore is it necessary to clarify the basic idea behind the 

definition of such an invariant. 
£>. | In this paper we investigate the algebraic structure (Clifford algebra and spirf 
V") representation ) underlying this invariant and explain the equations explicitly, es- 
^ pecially the Kahlerian case. Details of the computations are shown explicitly, and 
OO some minute mistakes in the existing papers are corrected. 
O 
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Forwards 

This paper was written by the author while studying for his Ph.D. degree in the 
Chinese University of Hong Kong under Prof. Shing-Tung Yau. 

As a fulltime professor at Harvard and the Director of the Institute of Mathemat- 
ical Science at The Chinese University of Hong Kong, Yau returns to Hong Kong 
during the Summer and Winter breaks. In other period, the author communicate 
with him through the e-mail. On the other hand, he also organize seminars with 
his colleagues on topics around Donaldson's theory. In the summer of 94, Yau ad- 
vised the author to consider monopoles. Unfortunately, at that time, the author 
was mainly interested in instantons and he knew nothing about monopoles. So he 
ignored such a good advice. 

In early December 94, (shortly after Witten has written his preprint), the author 
received a copy of Witten's preprint from Yau in Harvard. The paper is so interesting 
that he started working on it day after day with his colleagues. Two weeks later, 
when Yau arrives at Hong Kong, the author thought that he had already understood 
the paper so he started a seminar with his colleagues on this topic. However, on 
the first talk, the author realised that he didn't understand it at all ! The most 
confusing is the fact that every paper on this topic appears to write the monopole 
equations in a unique way. ( see [1TTJ , H , [0] , B ) As a result, the author 



spent the whole Christmas and New Year vacation with Yau and his colleagues, 
trying to clarify everything. Yau often asks his students to provide all the details 
explicitely. By doing so, they can learn abstract ideas concretely and correct many 
wrong misconceptions. After a few months' work, Yau encourage the author and 
his colleagues to rearrange their manuscripts and write down everything into an 
expository paper. 

The present paper is the first part of the theory which includes the basics of spinors 
and representation which is necessary in order to understand Seiberg- Witten's paper. 
The second and third part will be written by the author's colleagues S. L. Kong and 
X. Zhang. 

All the results in this paper had already appeared somewhere else. The author's 
job is to put them together logically and consistently, with extra detail, in order to 
provide an introduction to this new and exciting field in geometry. This paper may 
serve as a graduate course in modern geometry for students with basic knowledge 
in differential geometry, analysis, linear algebra and topology. 
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Part 1. Algebra of Clifford Modules and Spinors 



1. Clifford Algebras and Modules 

To understand spinors and Dirac equations, we must first study the linear algebra 
behind it, which is the theory of Clifford algebra. Here we shall follow the approach 
of We provide the general theory first and then consider the special case of 
dimension four. 



1.1. Basic Properties. 

Definition 1. Let V be a vector space over K with a quadratic form Q on it. The 
Clifford algebra of (V, Q), denoted by C(V, Q), is the algebra over R generated by 
V with the relations 

v\ ■ v 2 + v 2 ■ vi = —2Q(vi, v 2 ) Vui, v 2 G V 

Since Q is symmetric, we have v 2 = —Q(v) for all v G V. 

For fixed Q, we may abbreviate C(V,Q) and Q(vi,v 2 ) into C(V) and (vi,v 2 ) 
respectively. 

It is a basic fact in algebra that the Clifford algebra is the unique (up to isomor- 
phism) solution to the following universal problem. 

Theorem 1. If A is an algebra and c : V — ► A is a linear map satisfying 

c(u 2 )c(ui) + c(vi)c(v 2 ) = -2Q(vi, v 2 ) Vf i, t> 2 G V, 

then there is a unique algebra homomorphism from C(V,Q) to A extending the map 
c. That means we have the following commutative diagram: 

If natural r^(\r r\\ 

V ► C{V, Q) 

injection 



Vc linear 



3 ! algebra homomorphism 



A A 

The Clifford algebra may be realized as the quotient T(V)/Iq where 

oo 

T(V) = 0T fe (V) 
fc=i 

is the tensor algebra ofV with T k (V) generated by 

{ Vx <g) v 2 ® ■ ■ ■ <g> v k I v i, v 2 , ■ ■ ■ , v k G V } 
and Iq is generated by 

{v i ® v 2 + v 2 ® v l + 2Q(vi, v 2 ) | Vi, v 2 G V} 
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Remark . The tensor algebra T(V) has a 7L^ -grading obtained from the natural 
N-grading after reduction mod 2: 

T(V) = T + (V)+T~(V) 

where 

T + (V) = R © T*(V) © T*(V) © • • • © T^(V) © . . . 

T~(V) = V® T 3 (V) © T\V) © • • • © T 2fe+1 (\/) © . . . 

Therefore it forms a superalgebra. 
Similarly, for k — 0, 1, 2, 3, ... , let 

C*(\/) = T fc (\/)/J Q 

and let 

c+(y) = r © c^(v) © c*(v) © • • • © c^(v) © . . . 

C~(V) = V® C\V) © C\V) © • • • © C 2k+ \V) © . . . 

Since the ideal Xq is generated by elements from the evenly graded subalgebra 
T + {V), C(V) is itself a superalgebra and we have the grading 

C(V) = C + (V) + C~(V). 

Definition 2. Let E be a module over 1 or C which is Z>f -graded, 

E = E + ®E~ 

E is called a Clifford module over a Clifford algebra C(V) if there is a Clifford 
action 

C(V) x E £ 
( a , e ) i — >■ a . e 

c 

or equivalently, an algebra homomorphism 

C(V) End(E) 
a i — ► c(a) 

with 

c(a) (e) = a . e 

c 

which is even with respect to this grading: 

C + (V) .E ± C E ± , 

c 

C-(V).E T c £ T . 
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Definition 3. Let 0(V, Q) be the group of linear transformations of V which pre- 
serve Q. That means V0 G 0(V, Q), Vi>i, v 2 G V, 

Q(<M , 0w 2 ) = Q(vi , v 2 ). 

The action of 0(V, Q) on generators of T(V) are defined by 

k 

(f>(vi <S> v 2 <S> ■ ■ • <8> = ^ <g) • • • <8> <S> • • • <8> ^fe 

i=i 

and extends to the whole T(V) linearly. 

Remark . Xq is invariant under the action of 0(V,Q). Hence C(V,Q) carries a 
natural action of 0(V, Q). 

Definition 4. Let * : a i— > a* be the anti-automorphism of T(V) induced by v i— > — 1> 
on T, and satisfies 

(aia 2 J = a 2 a x 

Hence, 

(ffeffc-i . . . vi), if /c is even, 
— (vkVk-i ■ ■ ■ vi), if k is odd. 



(viv 2 ...v k ) 
Remark . Since 



v{ ® w 2 * + v 2 * <g> + 2Q(uJ, ^) 
= (-ui) ® (-u 2 ) + (-U2) ® (-ui) + 2Q(-ui, -u 2 ) 
= ^i ® w 2 + v 2 ® + 2(5(^1, u 2 ) 
therefore Xq is invariant under *. So it induces an anti-isomorphism a 1— > a* of C(V). 

Definition 5. If Q is a positive-definite quadratic form, then a Clifford module E 
of C(V) with an inner product is said to be self-adjoint if 

c(a*) = c(a)* 

where c(v) denote the action of v G V on a Clifford module of C(V). ( This module 
may be C(V) itself.) 

Remark . The inner product on E must be C(V) invariant: 

(c(a)ei, c(a)e 2 ) = ( ei , e 2 ) 
Va G C(V), ei, e 2 G -E 1 . Hence for a self-dual module E, 

(c(a)e 1 ,e 2 ) = (e 1 ,c(a)*e 2 ) = (e u c(a*)e 2 ) 

Especially, we have 

(c(u)ei,e 2 ) = (ei,c(u*)e 2 ) = (ei,-c(u)e 2 ) 
Vf G V, ei, e 2 G E. That means c(t>) is skew-adjoint Vf G V. 
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Definition 6. Let E be a Z^-graded Clifford module over the Clifford algebra C(V). 
We denote by Endc(v){E) the algebra of homomorphisms of E supercommuting 
with the action of C(V). 

1.2. The Exterior Algebra. The first interesting example of Clifford module is 
the exterior algebra. 

Definition 7. The exterior algebra AV of a vector space V is defined to be 

T(V)/I A 

where X\ is the ideal generated by elements of the form 

( vi <g) • • • <8> Vi <g) v i+ i ® • • • <g) v k ) + ( ® • • • <g> ® ® • • • <S> v k ) 
or equivalently, 

oo 

AV = 0A fe y 

fe=l 

where 

A fc y = T k {V)/l A 

Definition 8. Let 

e : V — ► Hom( A k V , A k+1 V ) 
be the action of V on AV by exterior product, ie. Vi> G l 7 , 

e(u) : A k V — > A k+1 V 
w i — ► v Aw 

Explicitly, 

e(v) {v\ A • • • A f fc) = f A f i A • • • A f fc 

Definition 9. Let 

t : V — ► Hom( A k V , A k ~ V ) 
be the action of F on AV by interior product or contraction , ie. Vi> G V, 

t(u) : A fc \/ — > A k ^V 
w i — >■ Q(v,w) 

Explicitly, 

k 

i(v) (vi A • • • A v k ) = ^(-iy^ 1 Q(v, Vi) vi A • • • A % A • • • A v k 

i=i 

Definition 10. The Clifford action of v G V on w G is given by 

f . w = c(v) w = e(v) w — i(v) w 
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Lemma 1. For any v,w in V , 

e{v) i(w) + i(w) e{y) = Q{y , w) 
Proof. For any generator Vi A • • • A v k of A k V, 

e(v) i(w) (f i A • • • A v k ) 

k 

= 4 V ) ( ^i- 1 )^ 1 Q( w i Vi) V X /\--- /\Vif\--- /\v k ) 

i=l 

k 

= Q(w, w A v 1 A • • • A vl A • • • A v k 



l(w) e(v) (vi A • • • A v k ) 
= l(w) (v A Vi A • • • A v k ) 

k 

= Q(w, v) Vi A • • • A v k + ^(-1)* Q(vj, v^ w A Vi A • • • A v} A • • • A v k 

i=i 

Therefore 

(e(v) l(w) + l(w) e(v)) (v 1 A ■ ■ ■ A v k ) = Q(v , w) (v x A ■ ■ ■ A v k ) 

Since this operation is an algebra homomorphism, the above 

equation holds on the whole AV. □ 

Corollary 1. The action c : V — > End(AK) extends to an action of the Clifford 
algebra C(V) on AV . 

Proof. Observe that 

( e(v) e(w) + e(w) e(v) ) (v± A • • • A v k ) 
— vAwAv\A---Av k + w A v A v 1 A • • • A v k 
= — w A v A vi A ■ ■ ■ A v k +wAvAviA---Av k 
= 

and 

( l{v ) l(w) + l{w) l{v) ) (v i A • • • A v k ) 

k 

= L ( v ) ( ^(-i)^ 1 Q(w, Vi) vi A ■ ■ ■ A v} A ■ ■ ■ A v k ) 
i=i 

k 

+ l{w) ( ^(-l)*- 1 Q(v, Vj) vi A ■ ■ ■ A Vj A ■ ■ ■ A v k ) 

3=1 
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k i-1 

= ^{-l) 1 - 1 {^{-ly^Qiw.v^Qiv.Vj) Vi A ■ ■ ■ A Vj A ■ ■ ■ A vl A ■ ■ ■ A Vk 
i=i j=i 

k 

+ ^2 (-iy~ 2 Q{w,Vi) Q{v,Vj) V! A ■ ■ ■ AVi A ■ ■ ■ Avj A ■ ■ ■ Av k ) 
j=i+i 
k i-i 

+ ( J^(-l)^ 1 Q(w, Vj) Q(v, Vi) v ± A • • • A ^ A • • • A Vj A ■ ■ ■ A v k 

3=1 i=l 
k 

+ ^2 ( _1 ) i_2 Q( w > v i) Q( v > Vi) V! A • • • AVj A • • • AVi A • • • Av k ) 
i=j+i 

= 
Hence 

c(v) c(w) + c(w) c(v) 
= ( <v) - l(v) ) ( e(w) - t(w) ) + ( e(w) - t(w) ) ( e(v) - t(v) ) 
— e(v)e(w) — e(v) i(w) — i(v) e(w) + i(v) l(w) 

+ e(w) e{y) — e(w) l(v) — l{w) e{y) + l{w) l{v) 

= — ( e{y ) i(w) + i(w) e(v) ) — ( e(w) i(v) + l{v ) e{w) ) 

= -2Q(v,w) 

by the Lemma above. 

As a result, we see that the action c defined above extends to a Clifford action on 
AV. □ 

Definition 11. The symbol map a : C(V) — ► AV is defined by 

a(a) = c(a) 1 AV 
here 1 AV G A°V is the identity in the exterior algebra AV. 

Remark . If l c(v) denotes the identity in C(V), then a(l c (y)) is the identity l End(AV) 
inEnd(AV) 

Notation . Let {ej}j = i v .. )C iimV be a orthonormal basis of V with respect to the qua- 
dratic form Q, ie. Q(e iy e 3 ) = 8ij. Let q denote the element of C(V) corresponding 
to t{. 

Theorem 2. The symbol map a has an inverse q : AV — > C(V), called the quan- 
tization map , which is given by 

q( e h A ■ ■ ■ A e t k ) = c h . . . c ik 

on the basis of AV and extends linearly to the whole AV. 
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Proof. For any generator e ix A • • • A e ik of AV , the indices ij (j = 1, . . . , k) are 
distinct, hence 



= a(c h . 






= c(c h . . 






= c(c h ). 


. . c(c ifc ) 1 AV 




= c(c h ). 


••^.^(el 


e *fc) i ( e *fe) ^AV ) 


= c(c h ) . 


• • c ( c «fc-i) e «fe 




= c(c il ) . 


••c(ci fc _ a )(e( 


e «fe-l) e 'ik ~ i ( e «fe-l) e «fe 


= c(cij . 




-1 A ^ 


— e ii A • 


• Ae lfc 





and for the generators {c i }i = i i ...^hnv of the algebra C(V), 

q(a(a)) = q(c(a) 1 AV ) 

= q(e(ei) 1 AV - t(ei) 1 AV ) 
= q(eO 

Hence q is the inverse of a. □ 

Corollary 2. T/ie Clifford algebra C(V) is isomorphic to the tensor algebra AV 
and is therefore a 2 dimV dimensional vector space with generators 

{( Cl r(c 2 r...(c dirnV r^ v \ (n,,^...,^^^^-} 

Remark . If we consider C(V) and AV as Z>£-graded 0(V A )-modules, then o and 
q preserve the Z>f-grading and the 0(V) action. Hence they are isomorphisms of 
Z>f-graded 0(V)-modules. 

Notation . There is a natural increasing filtration 

oo 

c (v) c d(v) c ... c c fc (y) c ... c JCi(v) = c(y) 

i=0 

where 

d(V) = C°(V) © C\V) © C 2 (t;) © ... © C7*(y) 

and C°(V) = R. It follows that 

Ci(V) = span{ v 1 ...v k \v j eV ^ C(V) forj = l,...,k<i} 

The Clifford algebra C(V) with this filtration is called the associated graded 
algebra of C(V) and is denoted by grC(V). The ith grading of grC(V) is denoted 

i>y gr, nn. 
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Remark . The associated graded algebra grC(V) is naturally isomorphic to the 
exterior algebra AV, where the isomorphism is given by sending gr^vi . . . Vi) G 
gr^ C(V) to v±A . . . Avi G A l V . The symbol map a extends the symbol map 

in the sense that if a G Cj(V), then c{a)^ = (7j(a). The filtration Cj(V') may be 
written as 

i 

Ci(v) = q( A ^)- 

3=0 

Hence the Clifford algabra C(V) may be identified with the exterior algebra AV 
with a twisted , or quantized multiplication a - Q (3. 

Lemma 2. If v E V ^ C{V) and a G C + (V) , then 

a([v,a\) = — 2i{v)a{a) 
Proof. Firstly, consider the simple case when 

v = ei and a = c h . . . c ik = q( e h A • • • A e ik ). 
In this case, we have 
a( [v, a] ) 
= a(va — av) 
= c(va — av) 1 AV 
= c(va)l AV - c(av)l AV 

= e(va)l AV - i{va)l AV - e(av)l AV + i{av)l AV 

= t(va)l AV - e(av)l AV 

— e( CiCi x . . . Q fe ) 1 AV — e( . . . Cj fc Cj ) 1 AV 

= e, A e h A • • • A e ik - e h A • • • A e ik A e, 

= e i Ae il A---Ae ik - e h A ■ ■ ■ A e ik A e { 

fc-1 

+ ^ A • • • A ej . Aej A e ij+1 A ■ ■ ■ A e ik 

3=1 
fc-1 

- ^ e h A ■ ■ ■ A e^. Aej A e ij+1 A ■ ■ ■ A e ik 

3=1 

fc-1 

= (-i)^ 1 ( e h A • • • A ( e * A e b) A e i J+ i A • • • A e ifc 

+ A • • • A (e^. A e,) A e ij+1 A ■ ■ ■ A e ik ) 
+ e ix A • • • A e ik _ x A a A e ik 
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+ e h A • • • A e ik _ x A e ifc A 

- (-l)''" 1 e ix A • • • A e ifc _ 1 A e ifc A e< 

- e h A • • • A e ik A 
fc 

= £ (- 2 ) Q( e " e i i) e <i A • • • A ^ A • • • A < 




if i j 7^ i for j = 1 , . . . , k and k is even 
-2 A • ■ • A ej fc A e$ if 7^ i for j = 1, . . . , and k is odd 

On the other hand, 

—2 cr(a) = — 2 c(a) 1 AV 

= - 2 l{v) (e(e h A---Ae ik ) 1 AV - i( e h A • • • A e ik ) 1 AV ) 
= - 2i(ej) (e^ A • • • A e ik ) 



k 



- 2 ^ Q{ a , e* . ) 1 e i: A • • • A e^ A • • • A e ik 

i=i 

2 A • • • A A • • • A e ik if ij = i 
if i j 7^ i for j = 1 , . . . , k 

Hence for a G C + {V) , the above k is even and we have the required equality. In 
general, the equality extends linearly to every v G V and a G C + {V). □ 

Theorem 3. The space C 2 (V) = c\(A 2 V) is a Lie subalgebra ofC(V), where the 
Lie bracket is just the commutator in C(V). It is isomorphic to the Lie algebra 
so(V), under the map 

r:C 2 (V) — >so(V) 

where any a G C 2 (V) is mapped into r(a) which acts on any v G V = C 1 (l / ) by the 
adjoint action. 

r(a) v = [a , v ]. 

Remark . Here the bracket is the bracket of the Lie superalgebra C(V), ie. 

[a 1 ,a 2 ] = a x a 2 - (-l) |ai1 |a2 ' a 2 a x 

for ai G Cl ai l(\/), a 2 G Cl a2 l(\/). 

It satisfies the following Axioms of Lie superalgebra: 

Supercommutativity: [a± , a 2 ] + (— l)l ai H a2 [a 2 , a±] = 

Jacobi's identity: [a x , [a 2 ,a 3 ]] = [[ai,a 2 ], a 3 ] + (-1)^^ [a 2 , [ai,a 3 ]] 
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Proof. Obviously, the action r(a) preserves C 1 (l / ) = V. So it defines a Lie algebra 
homomorphism from C 2 (V) to On the other hand, for any a G C 2 (V) and 

any v , w EV, 

1 1 

Q(r(a)v, w) + Q(v, r(a)w) = - - [[a,v] , w] - - [v , [a,w]} 

= - - [[v,w] , a] 

by Jacobi's identity . 

Since a G C 2 (V), we may consider a = a\a 2 for a±, a 2 G V. In this case, 

[ [v, w] , a ] = [ ( vw + wv ) , aia 2 ] 

= vwa\a 2 + wva\a 2 — a\a 2 vw — aia 2 wv 
= vwa x a 2 + vaiwa 2 — va\wa 2 — aivwa 2 

+ a\vwa 2 + a\va 2 w — a\va 2 w — a^vw 

+ wva±a 2 + waiva 2 — wa\va 2 — a\wva 2 

+ aiwva 2 + a\wa 2 v — a\wa 2 v — a^wv 
= —2Q(w,a\)va 2 + 2Q(v,ai) wa 2 — 2 Q(w, a 2 ) a±v + 2 Q(f , a 2 ) a±w 

- 2 a-i) wa 2 + 2 Q(u>, a x ) va 2 - 2 Q(f , a 2 ) aiiu + 2 Q(u>, a 2 ) 
= 

Hence 

<5(r(a)w, iu) = -r(a)iu) 

Therefore 

r(a)* = — r(a) 

and which means that r maps C 2 (V) into so(V). 

Now for linearly independent a±, a 2 G V, if for any v G V, 

r(a) f = [ a\a 2 , v] = 0, 

then 

= a x a 2 v — va\a 2 

= a,\a 2 v + a\va 2 — a,\va 2 — va\a 2 
= - 2 Q( v , a 2 ) ai + 2 Q( t> , ai ) a 2 

for any i> G V. Which is a contradiction. Therefore the kernel of r contains only 
the identity of C(V). 

Now both C 2 (V) and so(V) are dim^(dimy — l)/2 dimensional vector spaces 
and the map r is injective , therefore r is an isomorphism. □ 
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Lemma 3. For any A e so(V), the corresponding Clifford element is 

t~\A) = - J2(Aei, ej)acj 

i<j 

Proof. Pick an orthonormal basis {ei}i=i,..., dimV with respect to Q. Any vector in V 
may be written as v — J2t=i yk e k- Any matrix A = (A?) in so(V) is antisym- 
metric with zero diagonal. Therefore 

dim V 



Av =A ^2 yk ' e k 

k=l 

dimV 

= vkAe k 



k=i 

dim V 



= vk A ik^ 

i, k=l 

On the other hand, 

-j^ dim V 

[-J2(Ae i ,e j )c i c j ,v]=-J2(Ae i ,e j ) [c iCj , ^ v k c k ] 

i<j i<j k=l 

-j^ dim V 

= 2^^ J2( Aei > e i) [ c ^ c i' °k] 

k=l i<j 

-j^ dim V 

— g ^ ] ^ ^ ] Aj* ( c i c j c k ~ CkCiCj ) 
fc=l i<j 

dim V 

— ^ ^ V ^ ^ ^4jij ( QCjCfc + QCfcCj QCfeCj CfcCjCj ) 
fc=l i<j 

dim V 



2 

fc=i i<j 

dim V 

^2 V k ^ A ji ( ~ S jk ^ + $ik Cj ) 

k=l i<j 

A .. r . 

■3 



W fe Cj + ^ ^ A ik C 

i<k k<i 
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dim V 

= v k A ikCi 

i, k=l 

By identifying B{ G V with q G C(V), we get 

i<j 

□ 

Remark . We usually identify A G so(V) with 

^ ( A ei , ej ) ti A e 3 - G A 2 V 

i<j 

then we have 

q (^) = X] ( ^ 6i ' e ^ QC J 

which is twice of t^ 1 (A). 
1.3. The Spin Group. 

Definition 12. For any a in the Lie algebra C(V), we may form its exponential 

in C(V) by 

1 2 1 „ 1 

exp a = 1 + a + - a + — <r + . . . H -a + ... 

C(v) 2 3! n! 

which is an element in the associated Lie group of C(V). 

Theorem 4. For any v 1: v 2 inV^ C(V) satisfying 

Q(vi, Ui) = Q(v 2 , v 2 ) = 1 

, «2) = 

we /icwe £/ie following formula 

expt(viv 2 ) = (cost) l c(v) + (smt)v 1 v 2 

where t el. In fact, t is well-defined mod 2n. 

Consequently, this formula is satisfied for some vectors in V whenever dim V > 1 . 

Proof. Since 

= WlW2Wlf2 + V\V\V 2 V 2 - ViV±V 2 V 2 

= -2Q(v 1 ,v 2 )v 1 v 2 - (-1) Q{vi , v x ) (-1) Q( v 2 , v 2 ) 
= - 1 
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Therefore 

exp t ( vx v 2 ) =^2r^ tk ( v i v 2 ) k 



k\ 

k=0 

oo oo 

fc=o v 7 fc=o v y 

oo 1 oo 1 

E(^^(-i)^EpF^^ +1 (-i)'(^) 

fc=0 V y fc=0 v ' 

(cost)l C(v) + (sint) (v 1 v 2 ) 

□ 



Definition 13. Let the Spin group of the vector space V be the Lie group asso- 
ciated to the Lie subalgebra C 2 {V) of the Clifford algebra C(V), ie. 

Spin(y) = expC 2 (V) 

Remark . The adjoint action r of the Lie algebra C 2 (V) on V may be exponentiated 
to an orthogonal action of conjugation which is denoted by r . Explicitly, for 
g G Spin(V) and v G V, there is a fundamental relation 

r{g)v = gvg~ l 

Indeed, writing g = exp(a) for some a G C 2 (V), then 

[a , v] = r(a) v 

implies 

exp(a) v (exp(a)) -1 = exp( r(a) ) v 
In other words, we have the following commutative diagram: 

C 2 (V) so(V) 

exp cxp 

Spin(y) — ► so(y) 



Theorem 5. // dimV > 1, then the homomorphism 

t : Spin(V) — ► SO(V) 

is a double covering. 

Proof. Since r is an isomorphism and the exponential map is surjective, therefore r 
is also surjective. Pick any g G Ker(r). Then g = exp (a) for some a G C 2 (V). 
Now r(g) = l SO(v) implies [a, v] = for all v G V. By Lemma || , we have 
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l(v) o~(a) = for all v G V. Therefore a G R and is identified with a scalar 
multiplication in so(V). So g is also a scalar multiplication. 

Now apply the anti-automorphism a f— > a* on C 2 (V). For orthogonal vectors 
Di, w 2 e V, 

(v 1 ,v 2 )* = (v 2 y{vi)* = {-v 2 ){-vi) = v 2 v 1 = -v 1 v 2 
C 2 (V) may be generated ( as a vector space) by pairs of orthogonal vectors, therefore 

a* = -a Va G C 2 (V) 

Now we have 

(exp(a))* = exp(a*) = exp(— a) 
which implies that for any g G Spin(V), 

9 ' 9 — Ispm(v) 

Hence any g G Ker(r) is a scalar with g ■ g* = 1 which implies # = ±1. 

For dimV > 1, we may apply Theorem [| with t = tt and hence —1 is in Spin(V). 
As a result, Ker(r) = Zj* and we have a double cover 

— ► — ► Spin(V) SO(V) — ► F 

□ 



1.4. Four Dimensional Case. Now consider the most interesting case when V = 
M$t. Fix a basis { ei, eg, e3, e4 } which is orthonormal with respect to the fixed qua- 
dratic form Q. Then any vector v G V may be written as 

4 

fe=i 

and the Clifford algebra is 

C(R*) = span{^«*** | x 3 G {F,^}} 

where q = q( ) 

Notation . For convenience, we may denote Cj by without ambiguity. 
Especially, 

C 2 (M^) = span{ ^ , FF , F ^ , ^ , ^ , ^ } 

Now consider the isomorphism r : C 2 (IR^) — > 8o(\jt) — So(R^). and the corre- 
sponding r : Spin (4) — > SO (4). We have 

4 

fe=i 
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k=l 
4 

k=l 
4 

^ ^ ^ ( &i&j&k ~t~ &i&k&j &i&k&j &k&i&j ) 
fc=l 
4 

= ^ ( ~ 2 ^ e 3 ; e fc ) e i + 2 Q( e fc > e i ) e i ) 



fc=l 

= -2v j d +2v i ej 

Hence r(ejej) corresponds to 2 • m(i,j) G so (4) where m(i,j) = {m{i,j) a p) is a 
matrix with entries 

{1, if a = j and (3 = i, 

-1, if a = i and /3 = j, 

0, otherwise. 



Explicitly, we have 
r(eie 2 ) = 2 



r( eie 3 



r(eie 4 ) = 2 



r(e 2 e 4 ) = 2 



T-(e 2 e 3 ) = 2 



r(e 3 e 4 ) = 2 



/0 -1 o o\ 

10 



yo 0/ 

/o -l\ 





\1 J 

/o \ 
-1 

\0 1 j 

Notice that for t G [0, 2ir), r( | e^ej ) corresponds to the matrix t ■ m(i,j) and 

(t-m(i,j) aP ) 2 = -t 2 -A(i,j) 

(t-m(i,j) a p) 4 = t 4 -A(i,j) 
where is a matrix with 

1, if a = (3 = i or a = (3 = j, 
0, otherwise. 



(o 





-1 


0\ 














1 











V° 








°/ 


/o 








°^ 








-1 








1 








v° 








°/ 


/o 








0\ 























-1 


v° 





1 





/3 
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therefore we have 

exp r ( - e^- ) = (cost - 1) • A(i, j) + l so{4) + (smt)m(i,j) 

Since we have the commutative relation 

T ■ exp = exp • r, 



therefore 

r exp ( t eiej 
Explicitly, we have 



= exp r i 
= (cos 2t 



1)-A(i,j) + l so(4) + (sm2t)m(i,j) 



T(exp(teie 2 ) ) = 



r(exp(teie 3 ) ) 



t( exp( t e\t<± ) ) 



r(exp(te 2 e 3 ) ) 



r(exp(te 2 e 4 ) ) 



r(exp(te 3 e 4 ) ) = 



/ cos 2t 
sin It 


V 

/ cos 2t 


sin 2t 


/ cos 2t 



^sin 2t 
/I 



SO(4) 

— sin 2t 
cos 2t 







- sin 2t 


cos 2t 







V 
o\ 









1 





V 

- sin 2t\ 



cos 2t 

0\ 






V° 
/i 




V° 
/i 






cos 2t 
sin 2t 




cos 2t 


sin2t 





— sin 2t 
cos2t 







V 



o 



1 







1 









cos 2t 
sin2t 



\ 

- sin 2t 



cos 2t J 




- sin 2t 

cos2t 
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2. The Quaternions and Related Representations 

In this section, we shall look at Clifford algebra and the Spin groups more con- 
cretely. To do this, we need to use the quaternion. We shall define the Spin group in 
another more concrete way and find more relations between Spin (4) another classical 
groups. Our references here are 0, 0, 0, and [|J. 



2.1. Basic Linear Algebra of the Quaternions. 

Definition 14. Let EI be the quaternion algebra which, as a vector space over 
R, has four generators denoted by 1 , i , j , k and its multiplication satisfies the 
relations of the group Q 8 , namely 

1 q = q 1 = q Vg G EI 

i 2 = j 2 = k 2 = -1 

ij = k, jk = i, ki = j, 

ji = -k, kj = -i, ik = -j, 

Since 1 is the unit of the algebra, it may be omitted for convenience. Therefore 
any element q G EI may be uniquely written as a + bi + cj + dk where a, b, c, d G R. 
Just like the complex field C, we have the following 

Definition 15. For any q — a + bi + cj + dk G H, the conjugate of q is q = 
a — bi + cj + dk. The real part of q is Re(g) = a and the imaginary part of q 
is Im(g) = bi + cj + dk. 

Moerover the real part Re EI of EI is R while the imaginary part Im(EI) of EI 
is Ri © Kj © Rk. 

There is a natural inner product or quadratic form Q{ ■ , • ) on EI given by 

Q(Qi,Q2) = qiq 2 

that means 

Q( ai + bii + cj + d\k , a 2 + b 2 i + c 2 j + d 2 k ) 
= a 1 a 2 + bib 2 + cic 2 + d\d 2 

Therefore EI becomes a normed vector space with the corresponding norm given 

by 

II q II = v 7 Q(q, q) = \fq^ 

Under this norm, the basis { 1 , i , j , k } is orthonormal. 
Obviously we also have the following 
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Lemma 4. For any q = a + bi + cj + dk e H, i/ g 7^ 0, £/ien t/iere eszsfo a 
multiplicative inverse 

-1 9 



5 



9 



T/iaf means HI is in fact a field 



qq 1 = q 1 q = 1 



Remark . If we consider the n -dimensional quaternion vector space H K , then 
we have a standard inner product 



Q( (Qi, ■ ■ ■ , Qn) , (q[, ■ ■ ■ , O ) = 5^ Qi q'i 



and a standard norm 



(?!,••• ,5n) II = 



i=i 



2.2. Real and Complex Representations. Firstly, we look at the real represen- 
tation. 

Theorem 6. The action of HI on itself by left multiplication corresponds to the 
action o/End(IR^) on Explicitly, we have a representation 



U — ► En 



given by 



a + bi + cj + dk 
Proof. Firstly, we have 

lq = q = 1 



/ a 


-b -c - 


-d\ 


b 


a —d 


c 


c 


d a 


-b 


\d 


-c b 


a J 


Q, 







End(Kit-) 

Now, look at the action of left multiplication by i : 

il = i, ii = -1, ij = k, ik = -j, 
Therefore, by writing 

fa\ 

a + bi + cj + dk as 

c 

w 
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we have 



Similarly 



fa\ 




f-b\ 




(0 


-i 





o\ 






U 




Lb 




i 

J. 


n 


n 


n 




h 
u 




= 


—d 


= 


n 


n 


n 

u 


_i 






i d i 
\ a / 




\ c 1 






n 


1 

J. 


u / 




\ d i 
\ a / 


fa\ 




f-c\ 









-1 


0\ 




(a\ 


b 




d 













l 




b 


c 




a 




l 













c 


\dj 




\-b) 




V° 


-1 









\d) 


fa\ 




f-d\ 




fo 












fa\ 


b 




— c 










-1 







b 


c 




b 







1 










c 










V 1 












\d) 



Hence we have the required representation. It is a homomorphism because the 
matrices corresponding to 1, i, j and k satisfies the multiplicative relations of the 
group Q$. It is obviously injective and linear over M. □ 

Now we consider the complex representations of H. 

Theorem 7. There is a isomorphism from EI into the algebra R of 2 x 2 complex 
matrices of the form 

( ci c 2 N 
\-c 2 c Xi 

where ci, c 2 6 C. 

Proof. The required map is given by 

a + 6i + cj + dk i— 



a + 6i c + di 
-c + di a — 6i 



It is obviously bijective. 
We also have 



1 ^ 



i i— > 



1 



i 





1 
-1 

i 

1 



: We will see that this algebra is in fact K • SU^). 
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Therefore it is straight forward to see that this map is an isomorphism. 



23 
□ 



Theorem 8. There is an isomorphism 

cf — > e 

given by 

( Ci , c 2 ) Ci + c 2 j 
T/iis isomorphism is norm preserving. 

Proof. This map is obviously an isomorphism of vector spaces over C. Now the 
norm of is given by 

|| (Ci, P2)|| = (Re Cl ) 2 + (Im Cl ) 2 + (Rec 2 ) 2 + (Imc 2 ) 2 

which is equal to the norm of its image in HI. Therefore is isomorphic to EI as 
normed C vector spaces. □ 



2.3. The Quaternion Group. If we generalize the concept of orthogonal and 
unitary group to quaternion vector spaces, we may have the following 

Definition 16. Let the symplectic group, Sp(n), be the group of norm-preserving 
automorphisms of the H K , ie. 

Sp(n) = {(f) e GL(ra,H) | ||0n|| = ||ii||ViieH} 

As the most interesting example of symplectic groups, we have 

Definition 17. Let the quaternion group be the symplectic group of H, which 
is simply 

Sp(l) = {qeU\ || ii || =¥} 
Remark . Every element q in Sp(l) has inverse q~ l = q. 

Lemma 5. The underlying manifold of the Lie group Sp(l) is the three-sphere S 3 . 
Proof. Obvious from definition. □ 

Lemma 6. We have an isomorphism 

Sp(l) SU(2) 

as Lie groups. 
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Proof. Since Sp(l) consists of elements in EI of unit norm, 

Sp(l) = { a + bi + cj + dk | a 2 + b 2 + c 2 + d 2 = 1 } 
By the identification 



a + bi + cj + dk 

we have 



a + bi c + di 
—c + di a — bi 



a ■ In c + di , 
det , ,. , . = a 1 + b 2 + c z + d 2 

-c + di a — 01 



and 



a + bi c + di\ f a + bi c + di\ ( a + 6i c + c?i\ fa — bi —c — di 
—c + di a — bi) \—c + di a — bij \— c + di a — bi) \c — di a + bi 

a 2 + b 2 + c 2 + d 2 

a 2 + b 2 + c 2 + d 2 

1 
1 

Therefore 

□ 

The significance of Sp(l) lies on the following action due to Hopf. 
Definition 18. Let the Hopf action f) of Sp(l) on H be the representation 

f) : Sp(l) — > End(H) 
such that for any <fi G Sp(l) , f)(0) : H — > EI is given by the conjugation 

f)(0) : g ^ 0g0- x Vg G H 

Theorem 9. There is a M © representation of the quaternion group Sp(l) 
through the Hopf action f) . Explicitly, we have 

f) : Sp(l) — ► End(ReH) © End(ImH) 

where for any (j) £ Sp(l), 

0(0)1 End(RoH) 

and 

m L d(ImH) GSO(ImH) 
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Proof. To find out the required representation, we pick 
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= 01 + 2 i + 3 j + 4 k e Sp(l) 



and 



q = qi + 92i + g 3 j + 54k e H. 



By using the real representation of the left multiplication, we have 



/01 -02 -03 -0A 



!>2 01 
!>3 04 



-04 03 
01 -02 



92 
93 

Vg 4 / 



\04 -03 02 01 / 
/0l5l - 02<?2 - 0353 - 0454 \ 

02<?1 + 0l52 - 0453 + 03<?4 

035l + 0452 + 01<?3 - 0254 



0- 1 



\04<7l - 0352 + 0253 + 0194/ 

/ 0igi-0 2 g 2 -(02gi + 0i?2 -(0s5i- 

-0353 - 0454 -04^3 + 0354) +0l53 ~ 0254) 



025l + 01?2 
-0453 + 0354 

0351 + 0452 
+0153 - 0254 



0l5l - 0252 -(0451 - 0352 

-0353 - 0454 +0253 + 0l54) 

045l - 0352 01 5l - 0252 

+0253 + 0154 -0353 - 0454 



0451 - 0352 -(0351 + 0452 025l + 0l52 
V +0253 + 0154 +0153 - 0254) "0453 + 0354 



-(0451 - 0352 \ 
+0253 + 0154) 

0351 + 0452 
+0153 - 0254 

-(0251 + 0152 
-0453 + 0354) 

0l5l - 0252 
-0353 - 0454 / 



/0l\ 



V-04/ 
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2V3 
2 xl 



o \ 

20103 + 20204 



20!0 4 + 20 2 03 0^-0^ + 0^-0^ -20!0 2 + 20304 
\0 -20x03 + 20204 20402 + 20304 0? - 02 - 0§ + 0|/ 

The required representation is given by mapping 

= 01 + 2 i + 3 j + 4 k G Sp(l) 

into the matrix 

no o o \ 



W 



0? + 0^ - 0| - 0^ -20104 + 20203 20i0 3 + ^ 2 <^4 

20!0 4 + 20203 0?- 02 + 01-01 ~20i0 2 + 20 3 4 

\0 -20!0 3 + 20204 20x02 + 20304 0? - 0^ - 02 + (fj 

It is tedious but easy to show that 



(4>\ + 02 - 02 - 02 -20x04 + 20203 

20x04 + 20203 0? - 0| + 03 - 01 
\ -20x03 + 20204 20102 + 20 3 4 (, 

Since Sp(l) is connected and for 1 e Sp(l), 

det(h(l)| 

End(ImH) / 



20103 + 20204 \ 
-20102 + 20304 
)?-02- 02 + 02y 



GO(3) 



therefore f) 



End(ImI 



,(Sp(l)) C SO(ImH). 



□ 



Corollary 3. There is a two-fold covering 







Sp(F) SO(F) — > Y- 



wherep = f)| End(ImII) . 

Proof. Let = 0i + 2 i + 03j + 04k be any element in Ker(p). Therefore p( ) = 
l End(ImH) which is diagonal. However, for any 

^ 2 + 02- 02 -02 -20^ + 20203 20i0 3 + 20 2 4 \ 



20104 + 202^ 



i 2 - 02 + 02 _ 



% - 2 0102 + 20304 



y -20103 + 20204 20!0 2 + 20304 <j)\ ~ 4>l ~ 4>l + 01/ 
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to be diagonal, we must have 

4>i4>j = 0, for 1 < i < j < 4 

which implies one of the following cases 

1. 0i 7^ 0, and 2 = 03 = 04 = 

2. 02 7^ 0, and 3 = 4 = 0i = 

3. 03 7^ 0, and 04 = 0i = 02 = 

4. 04 7^ 0, and 0i = 02 = 03 = 

These cases corresponds to the following elements in Sp(l): 

1. =4> 01 = ±1 = ±1 

2. =4> 02 = ±1 =^ = ±i 

3. => 03 = ±1 =► = ±j 

4. => 04 = ±1 = ±k 

and we have the following correspondence : 



p(±l) = 1 p(±i 





P (±j) =010 P (±k; 



Therefore we see that Ker( p) = Zj*. In fact, for any in Sp(l) 

p(-0) = p(0) 



Corollary 4. There is a two-fold covering 

— > — > SU(J*) — > SO(J^) — > F 
Proof. By Lemma ^| , we have an isomorphism 

SU(2) — > Sp(l) 



a + 6i c + di 
—c + di a — b\ 



t— > a + bi + cj + dk 



which combines with the two-fold cover 

Sp(l) — > SO(3) 
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of Corollary |3| gives the required two-fold cover : 

(a 2 + b 2 - c 2 -d 2 -2ad + 26c lac + 2bd \ 



a + bi c + di 
—c + di a — bi 



lad + 26c a 2 - b 2 + c 2 - d 2 -lab + led 
\ -lac + 2bd 2ab + 2cd a 2 - b 2 - c 2 + d 2 ) 



□ 



2.4. Realization of Low Dimensional Clifford Algebras. We now apply the 
quaternion to the representation of Clifford algebras in low dimensions. 

Lemma 7. We have an isomorphism 

C(R) £ C 

of algebras over R. 
Proof. By definition, 

C(R) = = -^} 

Hence C(R) contains elements a + 6ei with e\ = —1. So by identifying e\ with i, 
we may get the required isomorphism. □ 

Lemma 8. We have an isomorphism 

C(R >£ ) ^ e 

o/ algebras over R. 

Proof. By choosing orthonormal basis ei, e2 of R , 

C(M >f ) = {jK,^|a + 33= -^3,])} 

Hence C(R K ) contains elements a + be\ + ce2 + de\ei with 

e i = e 2 = (eie 2 ) 2 = -1 
ei e 2 = (eie 2 ), e 2 (eie 2 ) = e u {eie 2 )e x = e 2 
e 2 ei = -(eie 2 ), (eie 2 )e 2 = -ei, ei(e 1 e 2 ) = -e 2 

So by identifying e\ with i, e 2 with j and eie 2 with k, we may get the required 
isomorphism. □ 

Lemma 9. We have an isomorphism 

c( r^ ) = e © e 

of algebras over R. 
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Proof. By choosing orthonormal basis e 1: e 2 , e 3 of M F , 

C(R^) = {jK,K,^|a + 33= -*Q(a,3)} 
As a real vector space, C(M^) has eight generators 

1, ei, e 2 , e 3 , eie 2 , eie 3 , e 2 e 3 , eie 2 e 3 
On the other hand, EI © EI also has eight generators 

10 0, i©0, jeO, k©0, 0©1, 0©i, 0©j, 0' 
The required map 

C(R F ) - 

is given by 
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1 

ei 
e 2 
e 3 



1 
k 

j 

-i 



1, 
k, 
-j, 
-i, 



while the inverse 
is given by 



1 © 

i © 

j © 

k © 



EI © EI 

1 - eie 2 e 3 
2 

-gigg - e 3 
2 

-eie 3 + e 2 
2 

e 2 e 3 + e 1 



— > e © e 

eie 2 e 3 — >• 1 

eie 2 h-> -i 

eie 3 ^ -j 

e 2 e 3 h-> k 

-> C(R F ) 

0© 1 

0© i 

0© j 

0© k 



1 
i 

-j 
-k 



1 + eie 2 e 3 



eie 2 - e 3 



-eie 3 - e 2 



-e 2 e 3 + ei 



□ 



Remark . There are other homomorphisms between C(R F ) and H©H. The one we 
choose in the above proof is the one we need in the future which is compatible with 
our description of the action of C 2 (IR^) © C on the spinors. 



To find the representation of higher dimensional Clofford algebra is more difficult. 
However, our main interest is the even Clifford algebra of dimension four. This can 
be found with the help of the following observation: 

Lemma 10. We have a canonical isomorphism of the two algebras 
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Proof. Pick an orthonormal basis {ej} i=1 n of R K and embed K 1 * into ]R ><+J ^ canon- 
ically. Pick e n+ \ G R K+ such that {e{\ i=1 n+1 is an orthonormal basis of IR K+J ^. 
The embedding IR* ■=— > l t<+lt ' induces the map 



e^e^ . . . ej 2fc+1 h- 

e ii e i2 • • • e i2fe 



■ ■ ■ ei 2k+1 e n +i 



e «i e i2 • • • e «2fc 



for any k 



,[f] 



This map is obviously an isomorphism. 



Corollary 5. We have an isomorphism 

= e © e 

Proof. By Lemma [TO, we have 
while by Lemma ^, we have 

c(R*) = e © e 

Their composition gives the required isomorphism. 
Explicitly, we have 

C + (R*) - 



by 



1 i-> l 

eie 4 i— > k 

e 2 e 4 i * j 

e 3 e 4 t— > — i 



and the inverse 

by 



-j, 

-i, 

H © H 



— > EI © EI 

eie 2 e 3 e 4 h-> —1 

eie 2 h-> -i 

eie 3 i * -j 

e 2 e 3 h-> k 



1 
i 



J 
k 



J 
k 










1 - eie 2 e 3 e 4 



-eie 2 - e 3 e 4 



-eie 3 + e 2 e 4 



e 2 e 3 + eie 4 










1 h-> 



i i — > 



J 
k 



1 + eie 2 e 3 e 4 



eie 2 - e 3 e 4 



-eie 3 - e 2 e 4 



-e 2 e 3 + eie 4 



□ 



□ 
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2.5. Alternative Definition of the Spin Group. 

Definition 19. Let C X (V) be the multiplicative group of the Clifford algebra 
C(V) over V. Let the pin group Pin(V) of a real vector space V be the subgroup 
of the multiplicative group generated by unit vectors in the unit sphere in V, ie. 

Pin(V) = {v 1 v 2 ---v k eC x (V)\v l GS dimy " 1 ^V} 

Remark . The Z^-grading of the Clifford algebra 

C(V) = C+(V) © C~{V) 
induces a similar Z^-grading of the pin group 

Pin(V) = Pin + (F) U Pur(V) 
where Pin ± (V A ) = Pin(V) n C ± (V). 

Definition 20. The spin group Spin(V) is the subgroup Pin + (V) of Pin(V). In 
other words, 

Spin(y) = {v 1 v 2 ---v 2k \v l G^imy-i ^ y} 

Remark . This definition is equivalent to the previous one. In fact, 

cost + sinte^e, = e»( — coste^ + sinte.,) 

and for any vi,v 2 G S' dimV '~ 1 , Viv 2 may be expressed as the product of elements of 
the form cost + sin te^ej. 

Theorem 10. We have the following isomorphism 

Spin(4) = Sp(l) x Sp(l) = SU(2) x SU(2) 

of Lie groups. 
Proof. By definition, 

Spin(4) = Pin(4) n C + (R^) 

Now Pin(4) is the multiplicative group generated by elements in Sp(l) and by Corol- 
lary we have 

Spin(4) = Sp(l) x Sp(l) 
Explicitly, by our new definition, Spin(4) is generated by viv 2 where 

Vi = a^ei + bie 2 + Cje 3 + rfje 4 G S 3 ^ M.^ 

Hence 

v x v 2 = - (a x a 2 + hb 2 + c x c 2 + d x d 2 ) 

+ (aih - a 2 b 1 )eie 2 + (c±d 2 - c 2 d 1 )e 3 e i 
+ {a x d 2 - a 2 d 1 )e l e A + (bic 2 - b 2 c 1 )e 2 e 3 
+ (aic 2 - a 2 ci)e 1 e 3 + (hd 2 - b 2 d 1 )e 2 e i 
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which corresponds to the following element in Sp(l) x Sp(l): 

- ( ai<2 2 + bib 2 + c\c 2 + did 2 ) (1 © 1) 
+ ( a x b 2 - a 2 &i ) (— i © i) ( c x d 2 - c 2 d x ) (— i © -i) 
+ ( a x d 2 - a 2 d x ) (k © k) + ( b x c 2 - b 2 c x ) (k © -k) 
+ ( a x c 2 - a 2 ci ) (-j © -j) + ( hd 2 - b 2 d x ) (j © -j) 
= ( - ( a\a 2 + bib 2 + c\c 2 + did 2 ) 1 + ( - a\b 2 + a 2 bi - c\d 2 + c 2 d x ) i 
+ (-aic 2 + a 2 ci + b x d 2 - b 2 di)j + (aid 2 - a 2 d x + b x c 2 - 6 2 Ci)k) 
© (-(aia 2 + bib 2 + c x c 2 + d x d 2 )l + {a\b 2 - a 2 b\ - c x d 2 + c 2 d\ ) i 
+ ( — a%c 2 + a 2 ci - b x d 2 + b 2 d 1 )j + (aid 2 - a 2 d x - b x c 2 + 6 2 Ci)k) 

If we use the old definition, then Spin(4) is generated by elements of the form 
cost + sintejej. Therefore the map 



cost + sinteie 2 i— > (cost — sinti) © (cost + sinti) 

cos t + sin t e^e^ i— > ( cos t — sin t i ) © ( cos t — sin t i ) 

cost + sinteie 3 i— > (cost — sintj) © (cost — sintj) 

cost + sinte 2 e4 i— > (cost + sintj) © (cost — sintj) 

cost + sinteie4 t— >(cost + sintk) © (cost + sintk) 

cos t + sin t e 2 e3 i— > ( cos t + sin t k ) © ( cos t — sin t k ) 



Spin(4) = Sp(l) x Sp(l) 



is given by 




SU(2) x SU(2) 



cost + sinteie 2 




cos t — sin t i 






cos t + sin t i 



© 



cos t + sin t i 






cos t — sin t i 



) 






cos t + sin t i 




cost + sinteie 4 



cost + sinteie3 



cost + sinte 2 e4 
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cost + sinte 2 e 3 



cost sinti\ / cost — sinti 
sin t i cos t ) \ — sin t i cos t 
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3. Spinors 



We now proceed to define spinors and the spinor representation of Clifford alge- 
bras. 



3.f. Basic Properties. 

Definition 21. Let {ej}j = i dimV be an oriented, orthonormal basis of V, that 
means there is a preferred ordering of the basis elements modulo even permutations. 
The chirality operator Q is 

r = i p ei ...e dimy eC(v)®c 

where 



r dimV + 1-, 
P = [ o \ 



dl ™ y if dim V is even, 
if dim V is odd. 



Lemma 11. The Chirality operator satisfies 



C(V) 



and it super-anticommutes with elements v G V , ie. 

Tv + (-i) dim %r = o 

Proof. By direct computation, we have 



r 



iPe l--- e di m v iPe l--- e d imV 



- 1 ) pe l--- e d im v e l--- e di 

\^jP(^ j^dim V— 1 

\pf -j^Ndimy— 1 



raV 

eieie 2 ...e. 



e 2 



l) dimy 2 e 1 e l e 2 e 2 e 3 ...e dimV e 3 



-D p ( 



\dim V-l, 



-i) p (-i) dimy - 1 (-:i 

dimy.(dim V-l) 



-1 



■ dim V-2 



■ dim F-2 



-l) 1 eieie 2 e 2 ... e diniV e dimV 



:-i) l r-i) dimy i 



O(V) 



/■ . dim V ■ ( dm 
-1)(P+ 2 



+ dimV) ^ 



C(V) 



C{V) 



where the last equality may be checked separately for dim V = 1, 2, 3 or mod 4. 
Similarly, for any basis element e« G V, 

r &i = i p ei . . . e dim v €.{ 

= (-lY dimV - l) i p e 1 ...e l e l ...e^ v 



2 Also known as the volume element or the complex unit. Physicists also denote it as 7 5 for 
the four dimensional case. 
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= (_l)( fc H(_i)N?e iei ... ei ...e„ 

= (_l)(dimV-l) e .p 

Hence the equation is true for any v G V. □ 

Corollary 6. For dimV odd, T is in the center ofC(V) <S> C. 

Corollary 7. For dim!/ even, every complex Clifford module E has a Z^-grading 
defined by the ±1 eigen-spaces of the chirality operator: 

E ± = {v G E | Tv = ±v } 

Especially, for dimV = mod 4, T G C(V), so in this case, the real Clifford 
modules are also Z^-graded. 

Definition 22. A polarization of a complex vector space V <g> C is a subspace 
P C V <S> C which is isotropic, ie. 

Q(u, u) = Vf G P, 

and we have a spliting 

V <g> C = P © P. 

Here the quadratic form Q extends from V to V C complex linearly, ie. 

Q{a + ib, c + id) = Q{a,c) + i (Q{a, d) + Q(b , c)) - Q(b,d) 

Definition 23. A polarization is called oriented, if there is an oriented orthonor- 
mal basis {e;} of V, such that P is spanned by the vectors 

( (e 2i -i - ie M ) M . . . dim^ 
{», = ^ !<•<—} 

and therefore the complement P is spanned by the vectors 

f _ ( e M -i + ie 2 i ) , , , . , dim V 
{*>i = ^ l^^^-> 

Lemma 12. T/ie 6aszs dimv and the corresponding conjugate {Wj} i=1 ... ; dimv 

satisfy the folloowing equations: For 1 < i < dlI ^ v , 

WjWj = WjWj = 
+ tZ^Wj = -2 

For 1 < i ^ j < 

uvuJj = —WjWi 
WiWj = —WjWi 
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Proof. For 1 < % < dhnV 



WiWi = 



and 
Also, 



2 ' 

(egj-i - ie 2 j) (e 2 j-i - ie 2i ) 

~ ( e 2 j-ie 2 j-i - e 2i e 2i - i e 2i e 2i -i - i e 2 i-\e 2i 
2 

-((-1) - (-1) + ie 2 i-ie 2 i - ie 2i _ie 2i ) 




WiWi = (WiWi) = 



_ , _ e 2i _i - ie 2i e 2i -i + ie 2i e 2i _i + ie 2i e 2i _i - ie 2i 
WiWi + WiWi = 7= ;= h 



y/2 \/2 V2 V2 

- (2 e 2i _ie 2i _i + 2 e 2i e 2i bigr) 
-2 



dim V 



For 1 < i ^ j < ,, . 

(e 2 j_i - ie 2 j) (e 2j _i - ie 2j ) 



W{Wj 



V2 V2 
-(e 2i _ie 2i _i - e 2i e 2i - ie 2i e 2j _i - ie 2i _ie 2j ) 

- - (e 2j _ie 2i _i - e 2j e 2i - ie 2j e 2i _i - \e 2 ^ x e 2i ) 
(e 2 j-i - ie 2 j) (e 2 i-i - ie 2i ) 



y/2 V2 



WjWi 



Similarly for the other equalities. □ 

Theorem 11. If V is an even- dimensional oriented Euclidean vector space, then 
there is a unique Z^-graded Clifford module 

s = s + ® s- 

called the spinor module, such that 

C(V) <g> C = End(S) 

Elements in S + and S~ are called positive and negative spinors respectively. 
In particular, we have 

dim c (S) = 2'^) 
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and 



dim c (5 + ) = dim c (S_) = 2 ( ^- 1} 

Proof. Given a polarization P of V © C, we may define the spinor module S to be 
equal to the exterior algebra AP. Any element v G V © C <^-> C(V) © C splits into 
two parts 

v = © v 2 g p © p 
The component in P acts on AP by exterior product: 

c( t>i ) u> = V2 e(v\ ) u> = V2v 1 A w, G AP 

On the other hand the quadratic form Q induce a duality between P and P, ie. 

< = Q(wi , •) 
So, the component in P = P* acts on AP by contraction: 

c(v 2 )w = —V2l(v2)w Vw G AP 
Therefore the action of any v = v 1 © v 2 G V © C on AP is 

c( f 1 © v 2 ) w = V2 e( f 1 ) w — l(v2)w G AP 

Observe that the map C(V) © C — ► End(S) is injective and 

dim c (C(y)®C) = i^ dimV = dim c (Sf = dim c (End§) 

therefore 

C{V) ©C End(S) 

The uniqueness of the spinor representation is a consequence of the fact that the 
algebra End(S') is simple , and it has unique irreducible module. 
Now, assume the polarization P is oriented, then for 

e2i-i - ie 2i 

we have 

( Wi + Wi ) ( -Wj + Wj ) 

therefore from the above Lemma, we get 

( WiWi - WiWi ) 
^2i-1^2i — —. 

2i 

and hence 

( WlWl — WlWl ) ( W2W2 — W2W2 ) • • • ( W dimV f dimV — f dimV W dimV ) 



V2 diinV 

Therefore, T acts on AP by 



(_l) dn 5 v (e(M)i)i(M)i) - i(wi)e(wi)) ... (e(wi)i(wi) - ) 



AP 
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Now 

{e(wi)i(wi) - i{wi)e{wi))l AP = -1 

So T acts on A°P by l c , vy 
On the other hand, for A 1 P, 

(e(wi)i(Wi) - L(w i )e(w i ))w j = (-l) 1+5ij Wj 

Wj if i = j 

So T acts on A 1 P by 

V V V V c(v) c(y)- 

On A 2 P, we have, for any 1 < j < k < ^f L ) 

( e(wi)i(Wi) - i{wi)e{wi) ) Wj A w k = Wj a w k 

Wj Awk if i = j or i = k 
-Wj Awk if j 7^ i 7^ 

So T acts on A 2 P by 

V V V ^ c(v) i c(v) 1 

In general, on A k P, we have, for any 1 < ^ < j 2 < • • • < jk < 

( e(wAi(wA - 6(uJj)e(wj) )w jl A---A w jk = (-l) 1+ ^i +"■+<% Wjl A • • ■ A w jk 

Wj 1 A ■ ■ ■ A Wj k if i = j r for some j 
— ifjj A • • • A Wj fe if % ^ j r for any j r 

So T acts on A fc P by 

(-l)^(-l)^-*l ocv) = {-i)H c{vy 
Therefore we have the splitting 

S ± = A ± P 
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3.2. Four Dimensional Case. Now we look at the spinors in four dimensional 

vector space. 

Consider an oriented orthonormal basis {e±, e 2 , e 3 , e 4 } of the Euclidean vector 
space Then the standard oriented polarization P of = <8> C is generated 
by 

e 1 - i e 2 e 3 - i e 4 , 

and we have 

S + = span c ( l Ap , w 1 Aw 2 ) 

S~ = span c (wi , w 2 ) 
Together, we have the following standard basis of S = S + © S~ : 

{ 1 AP , w 1 A w 2 , w 1 , w 2 } 

Under this basis, any spinor s G S may be written as a column vector with 
components 

W 

and we have a spliting 



s = s' 



s = 





Since S = &, we have a representation 

C(F) <g> C ^ End(C^) 

To find out the exact correspondencs, let's consider the Clifford action of Wi and Wi 
on S: 



fl 



c(wi ) 



c( w 2 ) 



AP 

u>i A u> 2 
w 2 

W\ A u> 2 

w 1 

w 2 



>->• < 



2 wi 



V^Wi A w 2 

' V2w 2 


— \A2~Wi A w 2 
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c(wi) : 



c( w 2 




'2 w 2 






l~V2l AP 



Therefore we have the following correspondence 



= V2 



w 2 



V2 



Wl 



= V2 



w 2 



V2 



/o 








0\ 













1 




1 













V° 








V 




(0 


















-1 





















V 








°y 




(o 





-1 


o\ 


























V° 


-1 





V 


(o 





























1 










V° 













Now by the relation 



e2i-i 



v/2 



e 2 i 



V2i 



we can deduce the corresponding matrices : 



ei = 



/0 -1 o\ 

1 

10 

yo -1 0/ 
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/n 
' u 


u 


i 


U ' 












o 


j 




e 2 = 


1 


U 


U 









i n 

\ u 


j 


n 

V ) 








/n 
' u 


U 


U 




A 




n 


n 


_1 

_L 





e 3 = 


U 


1 


U 







i 1 


n 


n 

\j 





J 




/ n 


(J 


(J 


i 


\ 












— i 









e 4 = 





— i 














V 1 








V 





As a result, we have the following 
Theorem 12. There are isomorphisms 

Hom( S + , S- ) ^ 
Hom( 5~ , S + ) 
Proof. With respect to the standard basis 

{ l A p , A w 2 } 

of S + and the standard basis 

{ wi , w 2 } 

of 5^ , we have 



ei 



e 2 ! 



e 3 



Hom(S+,S-) 



Hom(S+,S-) 



Hom(S+,S-) 



1 

-1 

1 
i 

1 

1 

- 



e4: 'Hom(S+,S-) \ i 

and any element in Hom( S* + , S~ ) is a matrix 
which may be splited into 



A B 
C D 



(A-D) fl 
-1 



(A + D) fi 
i 
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(b • c) (o \\ t . (d - c) ({) -i 



2 V 1 °/ 2 V 1 

(A — D) .(A + D) 

- i e 1 ^ — i- - e 2 

O 1| Hom(S+,S-) O Z| Hom(S+,S-) 



(g + C) j ^-^ c 

2 3 lHom(S+,5-) 2 4 'Hom(S+,S-) 

On the other hand, with respect to the above standard basis, we have 



ei 



e 2| 



e 3 



e4 



Hom(S-,S+) 



Hom(S-,S+) 



Hom(5-,S+) 



Hom(S-,S+) 












i 




i 


) 





-1 










S) 







and any element in Hom( S , S* + ) is a matrix 



C D 



which may be splited into 



A B\ _(D — A) f-1 0\ . (A + D) (\ 



C D ) 2 V V 2 V° 1 

(B + C) f -A . (C-S) fO i 



2 V -1 / 2 V _i 

(-D - A) , . (A + D) 
ed , — i- 

2 'HomfS-, S+) 2 Z| Hom(S-,S+) 

(B + CQ . (C — B) 

2 e3 lHom(S-,S+) 1 2 e4 'Hom(S-,S+) 



The elements in C 2 (V) corresponds to the matrices 



f-i 








0\ 












(A 





i 













i 














i 





e 3 e 4 = 








— i 





v° 












v° 








V 
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eie 3 



eie 4 



/n 
' U 


1 

— 1 




u 


n \ 




/n 


— i 


U 


o\ 


1 


n 




n 

V > 


n 

w 




1 


n 


n 

\) 







U 


n 
U 




U 


— 1 


e 4 e 2 = 


U 


U 


U 


1 
1 






n 




1 


i 
u / 






n 


_1 





/ 

/ 


/n 


i 


(J 


n\ 






/n 


i 


U 


°\ 




i 















i 






















i 




e 2 e 3 = 















v° 





i 








V° 





— i 







Theorem 13. 



There is a representation 
Spin(4) — 



End(C^) 



which splits into 



SU(2) x SU(2) 

Proof. From the above, we see that the action of elements in Spin(4) is given by 



cost + sint eie2 



cos t + sin t 



( cos t — i sin t 



V 

/ cost — i sint 




cost + sint eie 3 = 



cos t + sin t e^e 2 = 



cost + sint eie4 



cost + sint e 2 e 3 



V 

/ cost 
sint 



/ cost 
sint 


V 

/ cost 
i sint 



/ cost 
i sint 


V 










cost + i sint 





cost + i sint 





\ 



cost + i sint 

cost — i sin tj 

\ 



cost — i sint 

cost + i sin tj 



- sint 
cost 




- sint 
cost 




i sint 

cost 



i sint 

cost 








cost 
sint 






- sint 

cost 

\ 



cos t sin t 

- sin t cos t J 



cost i sint 



i sint cost 






cost 
-i sint 






-i sint 

cost 
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Therefore the image of this representation splits into SU(2) x SU(2). In fact, this 
map is compatible with the one we have in Theorem □ 

3.3. (Anti) Self Duality. There is an operator on the exterior algebra which is 
similar to the chirality operator. 

Definition 24. Let the Hodge star operator 

* : AV — > AV 
with respect to Q, be given by the following relation : 

e h A • • • A e ik A *(e h A • • • A e ik ) = e^„ Ak e x A ■ ■ • A e dimV 
where {ej}j = i v .. i di m y is orthonormal with respect to Q and 

1 2 dimV^ 



£h...i k = sgn 

and 



ii ... i k ik+i ■ ■ ■ ^ d 



(i k+1 ,. ..,i diinV ) = (1,2, i k ,..., dim V) 

Now we consider the case when dim V = 4. 

Lemma 13. For a four dimensional vector space V , the restriction of the square of 
the star operator satisfies: 

* 2 | = ± 1 

!C±(V) End(C±(V)) 

Proof. The star operator interchanges the following pair of elements: 

1 av e i e 2e 3 e 4 
eie 2 e 3 e 4 
eie 3 <-> e 4 e 2 
eie 4 <-> e 2 e 3 

therefore 

'C+(V) End(C+(V)) 

On the other hand, on C~(V), we have 

e x e 2 e 3 e 4 ^ —e x i-> -e 2 e 3 e 4 

e 2 h-> -eie 3 e 4 i-» — e 2 ^> eie 3 e 4 

e 3 eie 2 e 4 A — e 3 -eie 2 e 4 

e 4 i-> -eie 2 e 3 i-» — e 4 ^> eie 2 e 3 



* 2 | = -1 

'C-(V) End(C-(V)) 



□ 



SEIBERG-WITTEN'S INVARIANTS I 45 

Corollary 8. For a four dimensional vector space V , A 2 V splits into ±1 eigen- 
spaces of*: 

A 2 + y = { w \ we A y } 

and 

1/ = { v ; tolweAV} 

which are called the space of self-dual ( SD ) or anti-self-dual ( ASD ) two- 
forms and are simplified as A + and A_ respectively. 

Definition 25. The standard basis for A + and A_ are the self-dual basis : 

{ w + = ei A e 2 + e 3 A e 4 , w^" = ei A e 3 + e 4 A e 2 , = d A e 4 + e 2 A e 3 } 

and the anti-self-dual basis : 

{ wj" = ei A e 2 — e 3 A e 4 , w 2 = e\ A e 3 — e 4 A e 2 , w 3 = ei A e 4 — e 2 A e 3 } 
respectively. 

Remark . The corresponding elements q( wf ) in C(V) are also denoted by the same 
symbols wf. The push- forward of the star-operators 

q.(*) : C\V) — > C 2 (V) 

induce the similar spliting 

C 2 (V) = C 2 (\/) © C 2 (V) 
and the standard basis for C\ (V) and C 2 (V) are 

{ = eie 2 + e 3 e 4 , = de 3 + e 4 e 2 , = de 4 + e 2 e 3 } 

and 

{ w - = ei e 2 - e 3 e 4 , = e t e 3 - e 4 e 2 , w 3 " = eie 4 - e 2 e 3 } 

respectively. 

Remark . The corresponding elements q( wf ) in C(V) © C are also denoted by the 
same symbols wf. We have the spliting 

C 2 (V) © C = C*(V) © C © Cf (V) © C 

where the standard basis for C\ (V) © C and C 2 (V) © C are also 

{ = de 2 + e 3 e 4 , = eie 3 + e 4 e 2 , w^" = de 4 + e 2 e 3 } 

and 

{ w - = ei e 2 - e 3 e 4 , = e^ - e 4 e 2 , w 3 " = eie 4 - e 2 e 3 } 

respectively. 
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Corollary 9. Written in terms of the basis Wi and Wi, the elements q(wf ) in 
C(V) ® C are given by 

= i ( 2 + WxWi + w 2 w 2 ) 

= WiW 2 + WiW 2 

wt = i ( w\w 2 — Wiw 2 ) 



W 1 —l[WiWi — W 2 W 2 
= WiW 2 + WiW 2 
=\(wiW 2 — W\W 2 



Proof. By the relation 

ex 

e 3 



Wi + Wi 



w 2 + w 2 ) 
V2 



e 2 



—W\ + Wi 



'2i 

-w 2 + w 2 
V2i 



and Lemma 12, we have 



eie 2 = — ( w x + wi ) ( -twi + w x ) 

= — ( ~Wi 2 + Wi 2 - WxWi + WiWi ) 



— { WiWi - WxWi 



: — (2w 1 w 1 + 2 
2 

: i (WxWl + 1 ) 



and similarly, 



e 3 e 4 =-^-(w 2 + w 2 )( -w 2 + w 2 ) 
= i ( w 2 w 2 + 1 ) 



So we have 



Wi = i ( 2 + W\Wi + w 2 w 2 
w± = i ( WiWi — w 2 w 2 ) 
On the other hand, we have 



e l e 3 = ^ [Wi + Wx) (W 2 + W 2 ) 

I , _ 

= — {WxW 2 + WxW 2 + WxW 2 + WxW 2 
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So we have 



e 4 e 2 = - y ( -w 2 + w 2 ) ( -W! + wi ) 

l , X 

= - — ( w 2 w 1 + w 2 w 1 - w 2 w 1 - W 2 W 1 ) 

1 , __ 

= — {W 1 W 2 + WiW 2 - WiW 2 - WiW 2 ) 



eie 4 = ( w x + w 1 ) ( -iu 2 + w 2 ) 
1 , 

= — ( -W ± W 2 + WiW 2 - W 1 W 2 + W 1 W 2 ) 



e 2 e 3 = ( + »i ) ( u> 2 + u> 2 ) 
1 , 

= TTT ( ~WiW 2 + WiW 2 + WiW 2 - WiW 2 ) 

2i 



Wj —WiW 2 + W\W 2 

= i ( w±w 2 — W\W 2 ) 
w 2 =WiW 2 + WiW 2 
w 3 = i ( W\W 2 — WiW 2 ) 



□ 



Remark . Notice that in the above corollary, the notation w i refers to elements of 
C(V) <S> C. If we consider wf as elements of A C V = AV ® C, then we have 

= i ( Wi A Wi + w 2 A w 2 ) 
Wj =w\ Aw 2 + Wi AW 2 
Wg = i ( w 1 A u> 2 — Wi A TfJ 2 ) 

wj~ = i ( Wi A W\ — w 2 A w 2 ) 

=iiAt«2 + Wi AW 2 
Wg = i ( Wi A w 2 — Wi A W 2 ) 

The difference in the two interpretations of wf arises from the fact that 



WiWi = WiWi = -1 



C(V) 
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in C(V) <g> C, but 
in A C V. 



Wi A Wi = Wi A Wi = 



Remark . By using the self-dual and anti-self dual basis, we can express our previous 
results again in a "better" way: 

The map r : Spin(4) — > SO (4) has the following images : 



r( exp(tw^ 



r( exp(tw+) ) 



r( exp(tw+)) 



r(exp(tw 1 ) ) 



r(exp(tw 2 ) ) = 



r( exp(t Wj 



/ cos 2t — sin 2t 
sin 2t cos 2t 



\ 








/ cos 2t 


sin 2t 

V 

/ cos 2t 



ysin 2t 





V o 

/ cos 2t 


sin 2t 

V 

/ cos 2t 



ysin 2t 








cos 2t 


— sin 2t 




cos 2t — sin 2t 
sin 2t cos 2t 



\ 



cos 2t — sin 2t 

sin 2t cos 2t y 

- sin 2t \ 

sin 2t 
cos2t 

o cos 2t y 

- sin 2t\ 








/ cos 2t — sin 2t 
sin 2t cos 2t 








cos 2t 


sin 2t 








cos2t 





cos 2t 





sin 2t 
— sin 2t cos 2t y 

- sin 2t \ 

- sin 2t 

cos 2t 

cos 2t 





cos 2t sin 2t 

— sin 2t cos 2t 





- sin 2t\ 



cos 2t y 



The map C+(R^) 



1 ^ 



EI © EI has images 
1 © 1, T = — eie 2 e 3 e 4 i— > 1 



w+ ^ -2i © 0, 
^-2j © 0, 
2k © 0, 



w. 



w 



Wo 



© 2i 
© -2j 
© 2k 
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and the inverse EI © EI — > C + (M.¥) has images 

i + r . . 1 - r 
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i © o 

i © 

j © 

k © 



w 



2 



w 



+ 



0© 1 
0© i 
0© j 
0© k 



Wn 



w, 



So the map Spin(4) 



SU(2) x SU(2) has 
exp(tA+) — ► SU(2) x 1 



SU(2) 



exp(t A_ ) 



SU(2) 



x SU(2) 



given by 



exp(-i2t) 

exp(i2t) 

cos 2t — sin 2t 

sin 2t cos 2t 



cos 2t sin 2t i 
sin 2t i cos 2t 



exp(tWi) h 

exp(tw^) h 

exp(twg ) h 

exp(t Wi ) I— > 

exp( twj ) i— > 

exp( t ) i— > 

The action of wf in C(V) © C on 5 


































fexp(i2t) 








exp(— i2t) 

cos 2t — sin 2t 
sin 2t cos 2t 



w. 



w 



+ 



/-i 





/o 
1 






i 




-1 



















o\ 




o\ 






cos 2t 
sin 2t i 



= AP is given by 



w7 = 2 



sin 2t i 

cos2t 



w 











0\ 




















i 





V° 








-v 


/o 








o\ 























-1 


V° 





1 





50 



JAN V. YANG 



w. 



/ 


i 


u 


n\ 
1 


i 























V° 








V 



Wo 



/0 o\ 



i 

\0 i J 



therefore A + acts on S + while acts on S . 



Remark . Now consider the complexified algebra of self-dual and anti-self dual two 
forms 



A ±c = A± <g> C 



Usually, we use a basis 



W\ A W\ + u>2 A W2 = — i 

Wl A U>2 



w 2 ' - iw 3 



for A + c and 



Wi A w 2 — 



W\ A Wi — W2 A U>2 



1 w 



u>i A w 2 = 



WO — lWq 



Wi A u> 2 



Wr 



1 w. 



for A_ c . 

Their quantization acts on S as 



q(wi Aw\ + W2 A W2) = 2 



q(u>i A u> 2 ) =2 



q(u>i Aw 2 ) =2 



/-1 o\ 

10 

\ 0/ 

/o o\ 

10 

yo 0/ 

/o -1 o\ 



\0 0/ 
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q(u>i A W\ — w 2 A w 2 ) = 2 



q(wi A u> 2 ) 



q(u>i A tu 2 ) =2 



As a result, we have the following: 
Theorem 14. There are isomorphisms 

End( 5+ ) A° © A +c 
End( 5- ) A° © A_ c 
Proof. With respect to the standard basis 

{ l A p , A w 2 } 
of S + , any element in End(S' + ) is a matrix 

'A 5 N 



which may be splited into 



/n 
' u 


U 


U 


o\ 






















1 







t 








-v 


/n 
' u 


n 
u 


u 


0^ 




n 


n 


n 







n 


n 


n 









n 


1 

± 


°y 




/n 


u 


u 



























-1 


V° 











/ 



C D 



(A + D) (I 
" 2 vO 1 

c fo 

2 

»i 



C D 

(D — A) f-2 







+ 2 
(A + D 



2 
C 



End(S+) 



B f0 -2 




(D-A) , _ 

q( w 1 A w 1 + w 2 A w 2 ) 



Since 1 



End(S+) 



+ — q[w! A w 2 ) 
i±I| s+ , we have 



B I- \ 

— q(iui A w 2 ) 



s+ 



End(S + ) C( 



© A 



+c 



On the other hand, with respect to the standard basis 

{ wi , w 2 } 
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of S~ , any element 

(A B 
\C D 

in End(S' _ ) may be splited into 

'A B\ (A + D) (\ o\ (A-D) (2 



CD) 2 V° V 4 \0 -2 

C /0 0\ 5/0-2 



+ 2 V 2 °7 2 v° 

2 W") + 4 ^ Wi Awi — W2 A w 2 

C B 
+ ^ q(^i A ^2) | s _ - y q(wi A tu 2 ) | s _ 



Since 1 = Kr-\ , we have 

End(s-) 2 is-' 



End(S-) C(^— -) © A, 



□ 



3.4. Hermitian Structure on the Spinors. 

Definition 26. There is a canonical Hermitian structure on the space of positive 
spinors S + given by the Hermitian inner product ( • , • ) which takes the value 

(s + , t + ) = s+tt + s+tt 

on the spinors 



and t + = I eS + 



Lemma 14. The above Hermitian form is Spin(4) invariant. 

Proof. The action of Spin(4) on S + is the same as SU(2) action. Since SU(2) pre- 
serves Hermitian inner products, therefore our Hermitian product is invariant under 
Spin(4). □ 

Definition 27. The dual vector space S + * consists of complex linear functionals 

<f):S + ► C. 

S + * is generated by the dual complex basis 

{ l* (v) , ("i A «*)• } 
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which satisfies 

1* (1 ) = 1 

c(f)V c(v) ) 
V {v) ( Wl Aw 2 ) = 

Ka<(V>) = 

A w 2 )*( tui Aw 2 ) = 1 
Definition 28. There is a Hermitian Riesz representation 

S + S + * 

with the following identification 



'2 / \°2 

Theorem 15. TTie Hermitian Riesz representation 

S + — > S + * 



is given by 



That means 



Proof. Now assume 



We have 

1 = -*-c(v) ( "*-c(v) ) = ( I ' ^C(V 





= 1 c ( v)( u, i Au, = < I . I ,W 1 AW 2 ) = ( 



Therefore 

1* 

C(V) 



G 












\4J 
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Similarly, assume 



(w 1 a w 2 y 

and we have 



> S 2 



=( Wl Aw 2 y(i c(v) ) =(y+j > w =< 

1 = (wi A u> 2 )*( Wi A«j 2 ) = ( I I , Wi A u? 2 ) = ( 
Therefore 

(wiAw 2 )* = ( 

As a result, 



'0 N 



v / 
'0 N 



< .•> 



Theorem 16. By using the Hermitian Riesz representation, we have 

S + <g> S + End( S + ) 
Proof. The image of the Hermitian Riesz representation 




induces the following map 

\ f a \ 

, • ) <g) I I G End( 5+ ) 
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such that for any 









\b) 




J 





y ad Si + bd s 2 
'ac be 

Jad bd 









\4 



Therefore 




ac be 



a b) 



y ad bd y 

Explicitly, take a canonical basis of S + ®S + consisting of the following four elements: 

^C(V) ® ^C(V) 
1 C(V) ® (^1 A ^) 

(wi A w 2 ) <g> l c(v) 
(lUi A u> 2 ) ® (u»i A u> 2 ) 

"1/ \1 

The isomorphism maps this basis to the following basis matrices of End(S f+ ): 

'l 6 s 



^C(V) ® ^C(V) 



0, 
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l C(V) ® (^1 A w l) 

(w! A w 2 ) ® l C(v) 
(wi A w 2 ) <g> (wi A U7 2 ) 



'0 (T 



'0 0^ 
.0 1 



This map extends to the whole S + <8> S' + , anti-linear in the 1st S" + and linear in 
the second S + . □ 

Corollary 10. By using the Hermitian Riesz representation, we have 

S + ® = A° © A +c 



Proof. By Theorem [14] and Theorem ITBI we have the following correspondence: 



1 X 




- q(wi A ioi + U7 2 A w 2 )| s+ 



- q(wi A w 2 )\ s+ 
'0 



{w\ A w 2 ) <S> 1 



C(V) 



.0 

1 

2 



- q(wi A w 2 )| s+ 




(wi A 1U 2 ) <g> (Wj A U7 2 ) I ► 

This map extends to the whole S + ® S + , anti-linear in the 1st S + and linear in 
the second S + . □ 
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Now consider the negative spinors S~. With respect to the standard basis 

{ w 1 , w 2 } 

we can define a similar Spin(4) invariant Hermitian inner product which takes 
the value 

(s~,t~) = s^r + «2 *j 

on the spinors 

s = and i ~ = G 5 

We have a similar Hermitian Riesz representation on S~ : 

with the following identification 



which , as in S + , satisfies 

f 

As in S + , we have 
Theorem 17. 5?/ using t/ie Hermitian Riesz representation, we have 

S~ S~ End( 5- ) 
Proof. The proof is similar to the one for S + and we get 

'a\ / c\ I a\ / c\ I ac be" 

6y \d) \b / \dj \aol bd t 

Explicitly, we have 

1 CP 



'0 CP 
.1 0, 
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'o r 



w 2 <8 Wi 



w 2 <g> w 2 



K / 

'0 N 
.0 1. 



This map extends to the whole S ® S , anti-linear in the 1st S and linear in 
the second S~ . □ 

Corollary 11. By using the Hermitian Riesz representation, we have 

S~ ® S~ A° c © A_ c 
Proof. By Theorem [TJ] and Theorem IT?] we have the following correspondence: 



Wi ® Wi 



1 N 



,0 0, 



1 1 ,_ _ 

i — ► — 1 + - qiwi A Wi — w 2 A w 2 )\ 

2 End(S-) 4 ^ V Zyl S" 



Wl <&> w 2 




1 /_ 

2 q(^i aw 2 )| s _ 



w 2 ® Wi 



U»2 ® ^2 



,0 0, 

1 / - M 

2 a w 2 )| s „ 
1, 1 ,_ _ 

^ 2 W-) - 4 W A u>i - ««2 A tw 2 )| s _ 

This map extends to the whole S 1 " <8> S' - , anti-linear in the 1st S~ and linear in 
the second S~ . □ 

Theorem 18. By using the Hermitian Riesz representation, we have 

S + ® S~ ^ Hom( S + , S- ) 



SEIBERG-WITTEN'S INVARIANTS I 59 

Proof. With respect to the standard basis of S + and S~, we have a map 

S + <g> S~ S Hom( S + , S 1- ) 



by 



b \d \ad bd, 



where 



a 



E S + , and I G S~ 

bl \d t 



and ( • , • ) is the Hermitian product of 
Explicitly, we have 



l c(v) <8> lUi 



l cpo ® w 2 
















































(wi A w 2 ) <8> W\ 



(wi A w 2 ) ® l_ 

This map extends to the whole S + ® S~, anti-linear in S + (g> and linear in 
0®S~. □ 

Corollary 12. By using the Hermitian Riesz representation, we have 

S + <g> S~ = Ai 



Proof. By Theorem [12] and Theorem [18] we have the following correspondence: 



1 °\ 1 i 
'° °\ 1 i 
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'0 



(wi A w 2 ) <S> w 1 h-> I I h-> - e 3 + ^ e 4 = w 2 



'0 N 



2 J 2 



(wi Aw 2 )®w 2 ^ | | ^ - ^ ei - ^ e 2 = - wi 

This map extends to the whole S + <g) S~, anti-linear in S + <g> and linear in 
0® 5". □ 

Similarly, by interchanging S + and S* - , we get the following 

Theorem 19. By using the Hermitian Riesz representation, we have 

S~ <g> S + Hom( S~ , S + ) 

Proof. With respect to the standard basis of S~ and S + , we have a map 

S~ ® S + ^ Hom( 5- , S + ) 



by 



where 





ac 



,ad 



E S-, and I ] G 5+ 



and ( • , • ) is the Hermitian product of S~ 
Explicitly, we have 



w 1 <g> l c(v) 



Wi <g) ( w± A w 2 ) 



u> 2 <8> l c(v) 



u> 2 <g> (iui A iu 2 ) 



'1 N 
'0 N 



.0 



This map extends to the whole 5 <S> S + , anti-linear in S <8> and linear in 

<g> 5+. □ 



SEIBERG-WITTEN'S INVARIANTS I 



61 



Corollary 13. By using the Hermitian Riesz representation, we have 

S' ® S + ^ Ai 



Proof. By Theorem [12] and Theorem [19] we have the following correspondence: 

'l N 



u>i ® 1 



C(V) 



Wi ® (wi A w 2 ) 



w 2 



C(V) 



w 2 <8> (wi A ty 2 ) 



^0 0, 

'0 N 

'0 1 N 

v° °/ 

'0 N 

.0 1 



- ei — — e 2 
2 2 



1 i 

2 63 + 2 64 



- e3 — - eA ■ 
2 A 2 



e 2 



- Wi 



- w 2 



- U> 2 



U7l 



This map extends to the whole S (g> S + , anti-linear in S <E> and linear in 
0®S + . □ 



3.5. Symplectic Structure on the Spinors. 

Definition 29. There is a canonical symplectic structure on the space of positive 
spinors S + given by the symplectic form { ■ , ■ } which takes the value 



on the spinors 



{s + , i + } — s~^t 2 s 2 ^t 



and t + = \ e S 





Lemma 15. The above symplectic form is Spin(4) invariant. 

Proof. The action of Spin(4) on S + is represented as a SL(2, C) action. Since 
SL(2, C) preserves simplectic forms, therefore our symplectic form is invariant under 
Spin(4). □ 



Definition 30. There is a symplectic Riesz representation 
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with the following identification 













|~<| 






\4) 




{4J 





Theorem 20. T/ie symplectic Riesz representation 

S + — ► S + * 

is given by 



That means 



Proof. Now assume 



-Si 



K (v) = {( I 



We have 



1 = WW ={| J > W ={ 

i s 2 / \ s 2 



' S^\ / .s, 



=i; (v) (^iA^ 2 ) = {| I , Wl Aw 2 } = { 



S 2 J \ S 2 



Therefore 



Similarly, assume 



o 

i 



(wiAw 2 r = { 



sr 



and we have 

= ( Wl Aw 2 )*(l om ) = {| I , l ofv J = { 
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1 = (wi A W 2 )*( Wi A W 2 ) = { ( J ,WiAw 2 } = { 
Therefore 



'0 N 



} = 



(w! a w 2 y = { 



/1 N 



As a result, 



>i"V) + st{w 1 Aw 2 ))* = s+r (v) + s+{ Wl Aw 2 y = { 



Just like the Hermitian case, we also have 
Theorem 21. By using the symplectic Riesz representation, we have 

S + <g> S + End( S + ) 
Proof. The image of the symplectic Riesz representation 

'a\ / a\ ( — o N 

{ > } = 



induces the following map 



a\ I c 



such that for any 













J 









w 



G End( 5+ ) 









f as+ ) j 








+ ad , 





Vd, 
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— be ac 
—bd ad I \Sr 



Therefore 



-be ac 

d I \—bd ad I \d 
Explicitly, the isomorphism maps this basis to the following basis matrices of End(5'" 



IM ■■} 



C(V) ® ^C(V) 



C(V) 



<S> {wi A w 2 ) 



(wi A w 2 ) 



C(V) 



(wi A w 2 ) <g> (wi A w 2 ) 
and extends linearly to the whole S + <8> S + . 



f 

'0 0^ 

-1 N 

0, 

/o N 
V- 1 



□ 



Corollary 14. By using the symplectic Riesz representation, we have 

S + <g> S + = A° © A +c 
Proof. By Theorem [TJ] and Theorem ET] we have the following correspondence: 

'0 1' 



C(V) ® C{V) 



.0 0, 



2 q(^i A w 2j| s+ 



1 c ( v) ® (^l A W V 



.0 



1 
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(wi A w 2 ) <8> 1 



C(V) 



-1 N 



0, 



1 1 ,_ _ 

- 2 W+) + 4 q ( Wl A Wl + W2 A W2 )U 
/ N 



(iui A w 2 ) <E> (iui A u> 2 ) 



-1 o, 

i q(%A«) 2 )| s+ 



□ 



Now consider the negative spinors S . With respect to the standard basis 

{wi, w 2 } 

we can define a similar Spin(4) invariant symplectic form which takes the value 

{s , t } = s 1 i 2 — s 2 ^1 

on the spinors 

s = and t - = G 5 

We have a similar symplectic Riesz representation on S~ : 

with the following identification 



which , as in S + , satisfies 



Si 



{ .-} 



, Sn / \ — S 



As in S + , we have 
Theorem 22. By using the symplectic Riesz representation, we have 

S- <g> S- = End( S~ ) 
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Proof. The proof is similar to the one for S + and we get 

(c\ /—be ac N 
= 
dl \—bd ad, 



Explicitly, we have 



Wi 09 w 2 



w 2 <&> Wi 



W 2 <£> W 2 



'0 N 

\ 

-1 N 

0, 

N 

-1 o. 



This map extends to the whole S ® S , anti-linear in the 1st S and linear in 
the second S~ . □ 

Corollary 15. By using the symplectic Riesz representation, we have 

S~ <g> S- S A° © A_ c 



Proof. By Theorem [14] and Theorem [22] we have the following correspondence: 

'0 1 N 



U>2 Qs> Wi 



,0 0, 

1 / - 

2 A w v\ s - 

'0 N 



^0 1, 

1 1 ._ _ 

-1 N 



0, 
L 1 _ 
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^ - ^ q(^i a ^ 2 )| s _ 




Theorem 23. 5?/ using £/ie symplectic Riesz representation, we have 

S + ® S~ ^ Hom( 5+ , S~ ) 
Proof. With respect to the standard basis of S + and we have a map 

5+ <g> ^ Hom( 5+ , 5" ) 

by 

-6c ac 



where 



® I ^ { >•} ® 

.d/ \6/ W/ \—bd ad , 



E S + , and I \ eS 



and { • , • } is the symplectic form of S + . 
Explicitly, we have 



1 C(V) ® w l 



l c(v) ® u>2 



(iui A u> 2 ) ® U>2 



'0 

'o o N 
'-1 

y 
N 



This map extends to the whole S + <g> S~ complex linearly. 

Corollary 16. By using the symplectic Riesz representation, we have 

S + <g> S~ A x c 
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Proof. By Theorem [12] and Theorem [23] we have the following correspondence: 

:° i \ i i 

l c ( v) ® w i ^ [ I ^ g 63 + 2 64 = ^ 2 

'o 0\ l . 

l 0(v) ® ^2 >-> [ J ^ - - ei - ^ e 2 = -w x 



(wi A U7 2 ) <2> Wi t-> ( ) h-> - - ei + ^ e 2 = — Wi 

0, 



2 2 



. °1 1 » 

(wi A u> 2 ) ® w 2 >-> | | i-> - - e 3 + - e 4 = — w 2 

10, 



2 2 



This map extends to the whole S + <g> S 1- complex linearly. □ 

Similarly, by interchanging S + and S'"", we get the following 
Theorem 24. By using the symplectic Riesz representation, we have 

S~ ® S + ^ Hom( S~,3 + ) 
Proof. With respect to the standard basis of S~ and S + , we have a map 

S~ ® 5+ Hom( 5" , 5+ ) 



by 



where 



-6c ac 

d/ \6/ \d/ \— fed ad. 



G S~ and | 1 G S H 

,d, 



and { ■ , ■ } is the symplectic form of S 
Explicitly, we have 



'0 

^0 0, 
'0 N 

.0 
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(>9 



w 2 <8> 1 



C(V) 



-1 (T 

0, 
N 



w 2 <8> (wi A w 2 ) 



-1 y 

This map extends to the whole S~ <8> 5' + complex linearly. 
Corollary 17. 5y using the symplectic Riesz representation, we have 



□ 



s- <g> S H 



A 



Proof. By Theorem 12 and Theorem 24 we have the following correspondence: 



w l ® 1 D(V) 



u; 2 



w 2 <8> (wi A w 2 ) 



'0 

1, 

-1 o x 
o o, 

N 

-1 o, 



e 3 



-w 2 



— ei — - e 2 
2 2 
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— e* — —e* 
2 2 



w 2 



This map extends to the whole S <S> S* + complex linearly. 



□ 



3.6. Quaternionic Structure on the Spinors. Now we shall combine the Her- 
mitian and symplectic structures together. 



Lemma 16. We have an isomorphism 

j* : S + * 

given by the following identification 





'2 / \ S 2 

where the first isomorphism is from the Hermition Riesz representation and the 
second is from the symplectic Riesz representation. 
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Corollary 18. We have an anti-linear isomorphism 

y.S + ^S + 
which is the composition of the following maps 

'*t\ {4\ f~4\ f-sT 

He rmiti an ^ / j ^ ^ j* ^ | J j symplectic j 

Riesz I + / 1 h 7 Riesz \ u 

\4J \ 4 J \4 

such that the following diagram commutes: 

S + — U S + 



Hermitian Riesz 



symplectic Riesz 



S+* — > s + * 
j* 

Proof. We only need to prove the anti-linearity of j which is straight forward from 
the following computation: 

'st\ (cst\ /-cst\ f~4\ (4 

Hc\ )=j = =c = *U I) 



■ s 2 I \ cs 2 J \ c 4 J \ 4 I \ s 2 



Theorem 25. The isomorphism j above and the isomorphism 

i:S+-^S+ 
(st\ _ (is? 

together gives a quaternionic structure on S + . 

Proof. It is obvious that i 2 = — l End(S+) - Now we also have 

, -4\ /--"-j \ /■"■I 

r I = J 

k4) \ S{ J \-s 2 . 



□ 



Define 
therefore 



k = ij : S + > S + 

4 U WJ 1 \4 li- 



SEIBERG-WITTEN'S INVARIANTS I 



Hence we have 



and 




Hence we have a quaternionic structure induced by i and j. 
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